We show that a unitary operation (quantum circuit) secretely chosen from a finite set of unitary operations can be determined with certainty by sequentially applying only a finite amount of runs of the unknown circuit. No entanglement or joint quantum operations is required in our scheme. We further show that our scheme is optimal in the sense that the number of the runs is minimal when discriminating only two unitary operations.
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PACS numbers: 03.65.Ta, 03.65.Ud, 03.67.-a Entanglement is a valuable physical resource for accomplishing many useful quantum computing and quantum information processing tasks [1] . For certain tasks such as superdense coding [2] and quantum teleportation [3] , it has been demonstrated that entanglement is an indispensable ingredient. For many other tasks entanglement is also used to enhance the efficiency [4, 5, 6, 7] . One important instance among these tasks is the discrimination of unitary operations. Although two nonorthogonal quantum states cannot be discriminated with certainty whenever only finitely many number of copies are available [8] , a perfect discrimination between two different unitary can always be achieved by taking a suitable entangled state as input and then applying only a finite number of runs of the unknown unitary operation [5, 6] . It is widely believed that this remarkable effect is essentially due to the use of quantum entanglement. As entanglement is a kind of nonlocal correlation existing between different quantum systems, creation of entanglement needs to perform joint quantum operations on two or more systems. These joint operations are generally difficult and expensive. Consequently, it is of great importance to consume as small amount of entanglement as possible in accomplishing a given task. This motivates us to ask: "What kind of tasks can be achieved without entanglement?" Some pioneering works have been devoted to a good understanding of the exact role of quantum entanglement in the context of quantum computing. It has been shown that for certain problems, including DeutschJoza's problem [9] , Simon's problem [10] , and quantum search problem [11] , quantum computing devices may still have advantages over than any known classical computing devices even without the presence of entanglement [12, 13, 14, 15] . It was also argued that it may be the interference and the orthogonality but not the entanglement which are responsible for the power of quantum computing [13] .
In this letter we contribute a new instance of this kind of problems in the context of quantum information by reporting a somewhat counterintuitive result: Entanglement is not necessary for perfect discrimination between unitary operations. We achieve this goal by explicitly constructing a simple scheme where no entanglement is needed to discriminate any two given unitary operations with certainty.
The basic idea behind our scheme can be best understood in the following scenario. Suppose we are given an unknown quantum circuit which is secretely chosen from two alternatives: U or V . Here both U and V are unitary operations acting on a d-dimensional Hilbert space (qudit). To determine which case it really is, we first apply this circuit to a qudit initially prepared in some state |ψ . This action will transform the state of the system into U |ψ or V |ψ , depending on the unknown circuit is U or V . If there exists a suitable |ψ such that the above resulting states are orthogonal, then a perfect discrimination is achieved. If such a state does not exist, we apply a suitable unitary operation, say X 1 , on the above qudit and apply the unknown circuit once more. After these two runs the state of the qudit becomes U X 1 U |ψ or V X 1 V |ψ . Similarly, if there exists a suitable input state |ψ and unitary operation X 1 such that the resulting states are orthogonal, then a perfect discrimination is achieved again. Otherwise repeat this procedure. After N runs, the final state is A delicate analysis shows that the number of the runs needed in the above protocol is equal to that in the original protocol [5, 6] and is optimal in any scheme that can perfectly discriminate U and V . It is clear in the above scheme entanglement is not used. All we need is the ability to perform unitary operations and projective measurements on a single qudit, which can be implemented efficiently and economically in experiment.
Let us begin with some preliminaries that are useful in presenting our main results. We will denote the d- For a unitary operation U , we denote by Θ(U ) the length of the smallest arc containing all the eigenvalues of U on the unit circle. It is obvious that Θ(U ) = Θ(U † ) and Θ(U ) = Θ(XU X † ) for any X ∈ U. We say unitary operations U and V are different if U is not of the form e iθ V for any real θ.
Applying the notations introduced above, we can restate the main ideas in Refs. [5, 6] as follows. Two unitary operations U and V are perfectly distinguishable if and only if Θ(U † V ) ≥ π. The perfect distinguishablity between U and V in the multiple-run scenario means there always exists a finite N such that
Here ⌈x⌉ denotes the smallest integer that is not less than x. The protocol that discriminates U and V with certainty consists of three steps: (1) Prepare an N -qudit input state |ψ ; (2) Apply the unknown circuit N times on |ψ (each qudit one time); (3) Perform a projective measurement on the output states. Intuitively, this kind of protocol is called parallel scheme. We should point out that the input state |ψ such that U ⊗N |ψ and V ⊗N |ψ are orthogonal should be an Nqudit entangled state. How to generate such an entangled state is a formidable task up to now even for moderately large N . Consequently, this kind of scheme can be implemented neither efficiently nor economically in practice.
Let us consider a different scheme. We perform the unknown circuit on the input state step by step. In contrast to the parallel scheme, this scheme is intuitively named sequential scheme. To enable the sequential scheme as powerful as possible, we insert a suitable unitary operation between each two runs of the unknown circuit. This action can adapt the output state of the previous run to be the best input state for the next run. Surprisingly, sequential scheme always leads to a perfect discrimination between any two unitary operations. Theorem 1. Let U and V be two different unitary operations, and let
Proof. For simplicity, we consider first the case where V is the identity, and then reduce the general case to this special one. We shall show the following claim: For any nontrivial U ∈ U(d) and
In other words, there exists a state |ψ ∈ H d such that X|ψ and U XU N −1 |ψ are orthogonal, and thus U and I are perfectly distinguishable by N uses.
Let us consider first the case when d = 2. By the spectral decomposition theorem, we may assume that U is of the form diag(e iθ , 1), where θ = Θ(U )
Noticing (N − 1)θ < π ≤ N θ, we can fulfil the above equation by taking
.
Second, for the above α, let X † U XU
It is easy to verify that ψ|X † U XU N −1 |ψ = 0. Now for the general case d > 2. We can assume without loss of generality that U is of the form diag(e iθ1 , e iθ2 , · · · , e iθ d ), where 0 ≤ θ k ≤ Θ(U ) < π. In addition, we assume θ 1 = Θ(U ) and θ 2 = 0. Then applying the result in the case of d = 2, we confirm the existence of X 11 ∈ U(2) and |ψ ⌉, respectively and applying the above claim, we have the existence of X ∈ U and |ψ ′ ∈ H such that X|ψ ′ and U † V X(U † V ) N −1 |ψ ′ are orthogonal. The proof of the theorem is completed by letting
The above proof also presents an explicit protocol for discriminating any two unitary operations without entanglement or joint operations. It is clear that only two different auxiliary unitary operations, say, U † and X, are required. This makes the above scheme actually feasible in experiment. It is also worth noting that the input states leading to perfect discrimination for different unitary operations are in general not the same. Interestingly, when only 2 × 2 unitary operations are under consideration, any maximally entangled state of the form |Φ = (|00 + |11 )/ √ 2 is a universal input. This is mainly due to the simple fact that two 1-qubit unitary operations U and V are perfectly distinguishable if and only if tr(U † V ) = 0, which is also equivalent to (I ⊗ U )|Φ ⊥ (I ⊗ V )|Φ [5] . Of course, any such input state independent scheme needs to consume a maximally entangled state.
Combining the parallel scheme with the sequential scheme, we can design many different mixed schemes for discriminating unitary operations U and V . For simplicity, let us assume V = I d . Let 1 < m < N , and let The validity of the scheme is essentially due to the following inequality
which can be directly verified by the definition of function Θ. Any different m-partition of N will yield different mixed scheme. We define the length of the mixed scheme related to the partition {k i } as max 1≤i≤m k i . In practice we hope the length of the scheme is as small as possible. It is not difficult to see that the minimal length can be achieved when the m-partition of N is as uniform as possible. The minimal length is given by n min = N m . Let N = (n min − 1)m + r for some 1 ≤ r ≤ m. Then a corresponding partition is
Let us give some remarks about different schemes for discrimination. The most advantage of the sequential scheme is that no entanglement or joint quantum operations is needed. However, any such kind of scheme needs to perform sequentially at least N times of the unknown circuit. Instead, in the parallel scheme one needs to prepare an N -partite entangled state as probe state (Here we notice that it is possible to discriminate two N -partite orthogonal states U ⊗N |ψ and V ⊗N |ψ by using local operations on each single qudit and classical communications between different qudits only [16] , so the measurement device does not require joint quantum operations). When there are at least N copies of the unknown circuit and suitable entanglement, we can complete the discrimination within a single step by applying N copies of the unknown circuit to the input state simultaneously. For the case when only 1 < m < N copies of the unknown circuit are available, the discrimination task can be finished in ⌈ N m ⌉ steps. This reveals an interesting tradeoff between the spatial resources (entanglement or circuits) and the temporal resources (running steps or discriminating time). One should choose the most economic scheme in order to save the resources which are crucial in practice.
We notice that in the above schemes both the input state |ψ and the measurement device for discriminating the final output states |ψ U and |ψ V are determined by U and V . When no a priori classical information about the unknown circuit is available, the task is reduced to quantum operation estimation and it is never possible to achieve a perfect identification when only finitely many runs (copies) of the unknown circuit are allowed(available) [5] . We would also like to point out that all the above schemes require the ability of performing local operations (unitary operations or projective measurements) on a single qudit in order to perfectly discriminate the output states. This fact is a little surprising as it seems that the parallel scheme does not need any auxiliary unitary operations.
For parallel scheme it has been shown that N = ⌈ π Θ(U † V ) ⌉ is the optimal number of the runs to achieve a perfect discrimination between U and V [5] . In what follows we shall prove that this number is also optimal for perfect discrimination between U and V by using any sequential scheme. To present this result, we first introduce a key lemma. Lemma 1. Let U and V be two unitary operations such
It is interesting that Lemma 1 can be directly derived from Lemma 3 in Ref. [4] . So we omit the proof here. ⌉. Then for any unitary operations X 1 , · · · , X k−1 ∈ U and |ψ ∈ H,
Proof. Without any loss of generality we may assume that V = I as it is clear that discriminating U and V is equivalent to discriminating U † V and the identity I.
To prove Theorem 2, it is sufficient to show that if
Applying Lemma 1 (k − 1) times we have the following
where we have used the fact that Θ(X † U X) = Θ(U ) for any unitary X. Noticing that k ≤ N − 1 and (N − 1)Θ(U ) < π, we have the validity of Eq. (1).
Employing the similar techniques, we can easily show that N is also the minimal number of the runs of unknown circuit in any scheme (sequential scheme, parallel scheme, or any mixed scheme) that perfectly discriminates U and V .
It is straitforward to show that any n > 2 different unitary operations can be perfectly distinguishable without entanglement or joint quantum operations. Let U 1 , · · · , U n be n possible candidates, and let
⌉, where 1 ≤ i < j ≤ n. By assuming the circuit is in {U 1 , U 2 } and then applying the sequential scheme, we can reduce at least one candidate and only need to consider the left n − 1 ones. Repeating this process at most n−1 times, we complete the discrimination without entanglement or joint operations. The total number of the runs N satisfies N max ≤ N ≤ (n − 1)N max , where N max = max{N i,j }. However, in some special cases the procedure described above is far from the optimal one. An interesting example is as follows. easy to see that (σ mn ⊗ σ mn )|00 = ω −mn |mn . Intuitively, by measuring the first qudit we obtain the index m, while by measuring the second qudit we know the index n. Therefore two runs are necessary and sufficient to discriminate d 2 Pauli matrices without entanglement or joint operations whenever how large d is. This example also demonstrates that entanglement may reduce the number of the runs when discriminating n > 2 unitary operations.
In conclusion, we present a sequential scheme using only unitary operations and projective measurements to perfectly discriminate unitary operations. No entanglement or joint quantum operations is required. This implies that entanglement is not essential in achieving the perfect discrimination between unitary operations, and in some sense, confirms the importance of interference and orthogonality, as suggested in Ref. [13] . We also propose various mixed schemes for discrimination and show the optimality of these schemes. Notably, there exists an interesting tradeoff between the spatial resources and the temporal resources. These results would be helpful when we try to achieve a perfect discrimination with the lowest cost.
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